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Abstract

In this paper we propose a simplified two-dimensional model to describe some aspects of the turbulent breakage of bubbles at
subcritical Weber numbers. In particular we focus on the breakup of bubbles owing to their interaction with an array of successive
eddies, modeled by a train of straining flows. Our simulations show that, under certain conditions, a bubble accumulates energy due
to its interaction with a sequence of turbulent structures until it eventually breaks, even if none of the eddies is sufficiently energetic
to split the particle by itself. It is also shown that the different strain directions of the eddies acting on the surface of the bubble,
and the resonance effect between their characteristic frequency and the natural oscillation frequency of the bubble immersed into
the straining flow are the two key factors in the bubble deformation, and subsequent breakup mechanism. Moreover, the breakup
patterns obtained from our simulations seem to agree qualitatively well with the experimental observations.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The atomization of a gas bubble in a homogeneous and isotropic turbulent flow has received a wide attention
through the years since Kolmogorov [1] and Hinze [2] formulated the principles of the classical theory of the tur-
bulent atomization of droplets. Kolmogorov theory states that a particle immersed in a homogeneous and isotropic
turbulent flow, whose characteristic size lies within the inertial subrange of the energy spectrum, eventually breaks if
the turbulent pressure fluctuations acting on its surface are strong enough to overcome the surface tension, confining
stresses. The ratio between both forces is commonly known as the turbulent Weber number, We. Thus, according to
Kolmogorov, the turbulent breakup of a particle will take place if a properly defined Weber number is larger than a
critical value, We > We,. Although the Weber number is a relevant parameter of the breakup problem since it measures
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the amount of turbulent kinetic energy available at the bubble scale, the fact that a particle can also break for arbitrarily
small values of We is widely accepted. For example, a situation where the sub-critical breakup of bubbles may occur
is given when the initial deformation of the bubble is sufficiently large. However, a different scenario was experimen-
tally described by Risso and Fabre [3], who identified a new breakup mechanism, denoted by the authors as resonance
mechanism, occurring at Weber numbers around the critical one, We ~ We,. In this situation, although a single eddy
was not able to split the bubble, a succession of eddies could deform it progressively, leading to an accumulation of
energy that eventually might cause its rupture. The authors indicated that this mechanism could successfully split a
bubble if its residence time within the turbulent field was sufficiently long, provided that the damping rate that limits
the energy that the bubble can accumulate during its fluctuating deformation is not larger than the arrival frequency of
turbulent eddies. Finally, they also introduced the new concept of the eddy efficiency to take into account the dynamic
response of the bubble to different patterns of eddies. Previously, Sevik and Park [4] also postulated a different type
of resonance mechanism between the bubble dynamics and the turbulent fluctuations, and indicated that a bubble of
radius ag, immersed in a turbulent flow might split if its natural frequency, which corresponds to the second eigen-
mode (predominantly observed in the experiments), was of the order of the characteristic frequency of the turbulent
fluctuations of eddies of characteristic size [, ~ aq.

Rodriguez-Rodriguez, Gordillo and Martinez-Bazan [5] showed that a model given by a gas bubble immersed in an
uniaxial straining flow (USF), in the limit Re — oo, could describe some fundamental aspects of the bubble breakup
process in a turbulent flow at We > We,. Furthermore, they also showed that the breakup times obtained with their
model agreed fairly well with the experimental results in real turbulent flows reported by Martinez-Bazan, Montafies
and Lasheras [6]. Previously, Kang and Leal [7,8] studied the dynamics of bubbles in a straining flow and demonstrated
that large deformations, promoted by small fluctuations of the flow strength of characteristic frequency close to the
natural oscillation frequency of a bubble immersed in the flow, may take place at sub-critical Weber numbers [8].
However the efficiency of this mechanism is limited by the residence time of the bubble within the straining flow
generated by such eddies [9].

Although Kang and Leal performed a comprehensive study of the effect of the main parameters of the problem,
i.e. the Reynolds number, the Weber number and the frequency of the straining flow, they only considered flows
with a fixed axis of strain. To improve those models it would be necessary to consider a flow whose main axis of
deformation was allowed to vary randomly with time; a situation closer to what actually happens in real turbulent
flows. Unfortunately, this feature cannot be implemented in an axisymmetric flow, and three-dimensional simulations
would be necessary. Thus, the present work is intended to be an intermediate step between the axisymmetric models
described above and the more realistic three-dimensional simulations that are still rare in the literature.

At this point, it should be mentioned the recent work by Qian et al. [10], who performed three dimensional numer-
ical simulations of the bubble dynamics in a homogeneous turbulent flow using the Lattice Boltzmann method. Part
of their results, as the stochastic character of the bubble breakup, agree with the experimental findings of Risso and
Fabre. However, due to the high computational cost of the simulations, a very limited number of cases were reported
and, consequently, this work does not present significant statistical results. In addition, other limitations, which may
lead to discrepancies with experiments, are also pointed out in this investigation, i.e. the finite size of the computa-
tional domain, the associated interaction among bubbles, the sensitivity to initial conditions and the limited simulation
time.

Similar to most of the turbulent particle breakup models found in the literature, in the present one we will assume
the bubbles to be much larger than the Kolmogorov dissipation length scale. However, related to the complementary
sub-Kolmogorov regime — that is particles smaller than the dissipation length scale — it is worth mentioning the work
by Cristini et al. [11], who studied the deformation and breakup of droplets in an isotropic, turbulent flow using a
pseudospectral representation of the turbulent outer flow, coupled to 3D-boundary integral simulations of the local
drop dynamics.

One of the objectives of the present work is to shed some light on the different effects to be considered in order to
formulate statistical models for the turbulent breakup of bubbles, and in particular for their breakup frequency. As it
was shown in Lasheras et al. [12], simple phenomenological models based on kinematic considerations could predict
the experimental data considerably well at large Weber numbers. However, the complexity of the breakup at lower
Weber numbers does not allow the use of this type of simple models [3].

Although the present model is restricted to two dimensions, whose limitations are evident, we believe that it still
captures some important physical aspects of the bubble breakup at low Weber numbers. Therefore, the results obtained
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by the least expensive two-dimensional computations can help to understand the complex dynamics occurring in more
realistic three-dimensional cases. On the other hand, two-dimensional approximations of the drop/bubble dynamics
into a flow field that reveal interesting phenomena are quite usual in the literature. For example, it can be mentioned
the work by Sarkar and Schowalter [13], whose two-dimensional computations of the drop dynamics at low Reynolds
numbers in extensional flows displayed a resonance phenomena that was later on confirmed by their subsequent three
dimensional simulations [14].

2. Model description

The flow field considered in this work, and illustrated in Fig. 1, consists of a bubble subjected to a pulsating
uniaxial, straining flow (USF) whose strain direction, 6(¢), varies randomly for every pulse. The pulse train is defined
by two different times, T} and 75 respectively. Here T} represents the duration of the straining flow, or in other words
the time of the bubble-turbulent eddy interaction, whereas 75 is the period of the pulse train. Thus, according to
this definition, 7> — T; simply indicates the time between two successive bubble-eddy interactions. The equations
governing the dynamics of the bubble, written in dimensionless form, are:

VU =0, @2.1)
31+ (U1 - V)i = —Vp +Re” 'V - Dy, (2.2)
3y + (Vg - V)Ug = —(1/pg)V pg + (Repy/11g) 'V - Dy, 2.3)

where the subindexes (g, 1) refer to magnitudes related to the gas and liquid phase respectively, and D(g ) is twice the
rate of deformation tensor. To make the problem dimensionless, the liquid density, p;, the bubble radius, ag, and the
inverse of the maximum strain rate, 1/ M, were selected as the characteristic density, length and time respectively. The
viscosity of the liquid phase, 1], was used to scale the viscosity of the gas phase, (i, thus pg = pg/01 and g = 1ig/ (i1
in Eq. (2.3). The above equations must be completed with the proper boundary conditions. For the liquid phase, the
flow far away from the bubble should tend to the inviscid and irrotational flow derived from the following unsteady
velocity potential,

@ (x,y, 1) =M(1)(0.25(x* — y*)cosf + 0.5xysinb), (2.4)

where M (t) = 220:0 [H(t — nT2) — H(t — nT, — T1)], with H being the Heaviside function and 6 (¢), which will be
randomly varied from pulse to pulse, the angle between the axis of strain and the x-axis. Moreover, 71 and 7 are the
dimensionless strain pulse duration and repetition rate respectively. On the other hand, the pressure jump across the
liquid—gas interface is given by the continuity of normal stresses,

Re™ (D) — ugDy) -7i = (p1 — pg + We™ 'V -id)ii, and ) = v, (2.5)
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Fig. 1. Sketch of the two-dimensional model considered in the present work. The bubble is subjected to a train of pulses of straining flow separated
by a period when the flow is turned off. The angle of the axis of the straining flow, 6, is randomly varied from pulse to pulse, although it is kept
constant through the duration of the pulse.
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As summary, with the present formulation the problem depends on the following set of dimensionless parameters:
the gas-to-liquid density and viscosity ratios, py and g respectively, the Reynolds number, Re = ﬁm%Mo /i, the
Weber number, We = ﬁlag Mg /o, where o is the gas-liquid surface tension, the dimensionless period of the pulse
train, 7>, and the dimensionless duration of the strain pulses, T7.

To reduce the number of parameters of the problem, we will limit the study to the case of air bubbles in water,
thus pg = 0.0012 and pgz = 0.018 through all the simulations. Moreover, since we are interested in the dynamics of
bubbles whose sizes lie within the inertial subrange of the turbulent energy spectrum, the local Reynolds number is
expected to be large. Therefore, in our study the Reynolds number will be kept constant and equal to Re = 500, a
value sufficiently large to consider the viscous effects nearly negligible in the breakup process [9].

An additional simplification is that our study will be restricted to values of the pulse duration time, 77, of order
unity. This assumption is consistent with the fact that we are interested in describing the interaction of a bubble with
turbulent structures of roughly its same size, which are the ones that more efficiently lead to the bubble breakup [1,15].
Assuming that the bubble is immersed into an isotropic and homogeneous turbulent flow, at a given time, the velocity
difference between two points a distance aq apart is of the order Au ~ g!/ 3aé/ 3, with ¢ being the dissipation rate
of turbulent kinetic energy per unit mass and per unit time. At the same time, the maximum velocity difference that
the straining flow produces along the perimeter of the bubble is of the order Mpap. Thus, to model the effect of the
turbulent structures of interest on the bubble, the flow intensity should be of the order M ~ s/ 3a0_ 2 3. On the other
hand, notice that Tl can be understood as the lifetime of the turbulent structure, which is of the order T; ~ a(z)/ 35_1/ 3
or, similarly, the inverse of the strain rate. However, it must be pointed out that, although dimensional arguments allow
us to predict the order of magnitude of the pulse duration, its precise value is undetermined by a constant of order
unity. Note that the above discussion would still be valid in the case of two dimensional turbulence, since both the
velocity difference between two points, Au, and the lifetime of a turbulent eddy, fl , follow the same scaling laws
with ag and &.

Finally, the velocity boundary conditions defined in our model involve a qualitative behavior similar to that of
the droplet dynamics described by Cristini et al. [11], with successive elongations and relaxations of the particle
before the breakup event. The consequent bubble dynamics is also consistent with the experimental observations of
bubbles in turbulent flows, where it can be observed that bubbles oscillate during most of the time with moderately
low amplitudes, which sometimes increase suddenly. However, it must be indicated that the purpose of the present
approach is simply to describe the interaction of the bubble with singular turbulent structures rather than with the
continuous distribution of eddies that would exist in a real turbulent flow. Thus, the influence of the turbulent flow on
the local dynamics of the bubble is determined a priori through the far-field velocity boundary conditions, and only
the strain direction is stochastic, to allow us to describe the effect of 77, 7> and We on the bubble breakup.

3. Numerical scheme

The incompressible, dimensionless, two-phase flow Navier—Stokes equations (2.2)—(2.3) were solved using the
level-sets method [16,17]. The local density and viscosity were determined by the value of the level-set function ¢,
which is simply a measure of the distance to the interface, and whose evolution is given by the advection equation

¢+ - Vo =0, 3.1

with the zero level-set ¢ = 0 indicating the bubble interface.

The Navier—Stokes equations were integrated in a staggered grid, using a implicit temporal scheme, with a Crank—
Nicholson scheme for the viscous terms, and an Adams—Bashforth one for the convective terms, which were spatially
discretized with third-order ENO schemes. The variable density projection method used, by which the velocity field at
the end of every temporal step is made divergence-free, requires the solution of a pseudo-Poisson equation of the form
V- (p~'V¢) =V - u* for the pressure increment field ¢, where u* is the intermediate velocity field. This Poisson
equation was discretized by a second-order scheme and the corresponding linear system was solved by a robust,
unsymmetric, multifrontal method (UMFPACK) especially designed to solve sparse linear systems [18]. It is worth
to remark that this Poisson solver and the use of the ENO schemes for the convective terms constitute fundamental
elements to accurately solve cases with severe deformations, low Weber numbers and the density and viscosity ratios
considered, that could not be solved using centered schemes and standard iterative Poisson solvers.
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The level-set equation was integrated in a narrow band, in the neighborhood of the interface, with a semi-implicit
second-order advection operator partition. The initial condition used for the simulations corresponded to a flow field
initially at rest, with a spherical bubble placed at the stagnation point of the imposed unsteady hyperbolic field. In
addition, the strain steps were slightly smoothed to avoid the effect of a sudden change in the boundary conditions
which would cause strong pressure pulses and might lead to unrealistic bubble breakups.

Furthermore, when the function ¢ is integrated in time, it can be affected by the numerical diffusion of the code and
distorted by the flow field. Thus, to keep ¢ as a function that measures the distance from the interface, a new distance
function was included every time step, solving the so-called re-distance equation [17]. This equation was solved with
a RK3 temporal scheme and third-order ENO schemes for the convective terms.

The present numerical code constitutes a two-dimensional version of our previous axisymmetric one used in Re-
vuelta et al. [9], which was validated with the examples presented in Sussman and Smereka [16]. In that work, we
showed that the level-set method is able to accurately determine the critical Weber number We, and the breakup times
tp if the grid employed is fine enough. The adequate grid resolution was determined comparing the breakup times
obtained at high Reynolds numbers with the results given by a boundary element code (limit Re — 00). Thus, in the
present investigation a resolution similar to that of Revuelta et al. [9] was used, with an interfacial thickness para-
meter, €, equal to € = 1.5A, where A represents the grid spacing. Our numerical tests showed that the value of the
critical Weber number We,, was not significantly affected by the grid resolution for the flow fields type considered
here. In fact, we obtained a critical Weber number of We?? = 1.80 4 0.01 for the steady USF using grid spacings

crit
A = 0.033 and A = 0.050 respectively, and of We??it = 1.82 £ 0.01 using a coarser grid size, A = 0.067. The value
of the critical Weber number was determined running different simulations where the Weber number was varied in
steps of AWe = 0.01 until the bubble breakup was observed. The main difference encountered with the different grid
resolutions was the presence of more and larger satellites bubbles after the breakup event when the resolution was
not sufficiently fine as shown in Fig. 2. The figure shows that, for sufficiently fine grid spacing, the breakup time
is nearly unaffected by the grid resolution although the size of the satellite bubbles increases with A. Furthermore,
it should be remarked that although the numerical method may not properly describe the final stages of the bubble
breakup process, it does not significantly affect the values of the critical Weber number and the breakup time since the

final collapse of the neck of the bubble occurs at times very short compared with the characteristic time of the prob-
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Fig. 2. Comparison of the results obtained in a test case for different values of the grid resolution. Notice that although the size of the satellite
bubble increases with the grid spacing, the break up time remains nearly unaffected.
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Fig. 3. Pressure contours at We = 1.5 and two different times of the uniaxial straining flow considered: (a) strain pulse with 6 = 2.386 and
(b) no-strain interval. The pressure difference between isolines is Ap = 3 in Fig. 3(a) and Ap = 0.3 in Fig. 3(b).

lem investigated herein, as it was shown by Gordillo et al. [19]. The results presented below correspond to a domain
(x,y) =[—4,4] x [—4, 4] and a uniform grid NX x NY = 160 x 160, for which it was proven that mass losses were
always below 0.5% before the breakup instant.This grid resolution included 1260 grid points into the initial circular
bubble.

As example of the numerical results obtained, two different pressure contours are shown in Fig. 3 for We = 1.5
and two different instants of the simulation. Fig. 3(a) corresponds to a strain pulse while Fig. 3(b) corresponds to an
instant with no-strain. The pressure difference between isolines is Ap = 3 in Fig. 3(a) and Ap = 0.3 in Fig. 3(b).

4. Results
4.1. Bubble dynamics in a steady Uniaxial Straining Flow

Similar to the axisymmetric case, well-reported in the literature (see Kang and Leal 1987 [7] and Kang and Leal
1990 [8] and references therein), our numerical simulations revealed that a two-dimensional bubble immersed into
a steady USF breaks if its corresponding Weber number is larger than a critical value. Thus, the integration of the
bubble evolution in the steady, bidimensional, uniaxial straining flow provided with a reference critical Weber number
of We2P ~ 1.80. Note that the critical Weber number obtained in the two-dimensional, straining flow studied here
slightly differs from the value reported by Revuelta et al. [9] in an axisymmetric flow, We, = 2.225. It should also be
mentioned that We,. does not depend on Re for values of Re sufficiently large [9].

At supercritical Weber numbers, two significant results obtained from the simulations are the breakup time as well
as the breakup deformation, or interfacial length, at the breakup instant (interface surface in the three-dimensional
counterpart). The relevance of the breakup time in determining the functional relationship between the experimentally
observed breakup frequencies and the Weber number was discussed in Rodriguez-Rodriguez et al. [5] for the axisym-
metric case. As in that case, the breakup time decreases with increasing Weber number, approaching the characteristic
convective time, ¢ = 1, in dimensionless formulation, when We tends to infinity. The values of the interface length at
the instant of breakup constitute a reference value for the simulations in the unsteady USF presented in the following
subsection. Some values of the ratio between the interface length at the breakup instant, S, and the initial one, Sy = 27,
for different Weber numbers are S/(2m)(We) = 1.82(1.85), 1.85(2.0), 2.1(3.0), 1.89(5.0), 1.76(10), 1.68(50).

On the other hand, at subcritical Weber numbers, the bubble oscillates into the USF with a frequency that increases
as We decreases. Fig. 4(a) shows the oscillation of the bubble length along the x-axis, D, for different subcritical Weber
numbers. As already mentioned in Revuelta et al. [9] for the axisymmetric case, the bubble tends to escape from the
USF stagnation point at times of the order O(10). This fact prevents an accurate calculation of the oscillation frequency
for the different Weber numbers. Moreover, in the unsteady case with a constant axis of strain, this effect also avoids
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Fig. 4. (a) Oscillations of the bubble length along the x-axis, D, of a bubble inside a steady USF, for different subcritical Weber number. (b) Depen-
dence of the oscillation period on the Weber number. The dashed line corresponds to the solution yielded by the asymptotic description at We < 1
given in Appendix A, with 7% = 27 /w = /273 7 We!/2.

the bubble breakage due the resonance mechanism proposed by Kang and Leal [8], where small fluctuations of the
USF strength at the natural oscillation frequency of the bubble causes large deformations, leading to the bubble
breakup at very long times. However, the limited residence time of the bubble in the USF makes necessary larger
fluctuations of order O(1) to break the bubble. Approximate values of the oscillation periods at subcritical Weber
numbers are T°¢(We) = 1.85(0.375),2.15(0.5), 2.85(0.75), 3.60(1.0), 5.27(1.5). Furthermore, Fig. 4(b) shows the
dependence of the bubble oscillation period with the Weber number, together with the asymptotic behavior when
We < 1 given by T2 = 27 /w, ~ We'/? (dashed line) and described in Appendix A.

4.2. Bubble dynamics in the unsteady Uniaxial Straining Flow

Since in a pulsating straining flow the intensity of the outer flow, M (¢), varies with time, the deforming stresses
acting on the surface of the bubble also change with time, and an alternative effective Weber number based on the
time average strain intensity over one period should be defined. Thus, since the Weber number can be understood as
the squared ratio between the capillary time, (ﬁlag /o) 172 "and the convective time, 1 /My, the effective Weber number
should be defined using the squared time ratio (T} /T»)? as the averaging factor, giving

i T\ 2
Weeﬂ=We<—1> . @.1)
1

It will be shown later on in this section that there is a resonance mechanism between the frequency of the strain pulses
and the oscillation frequency of the bubble into the steady USF corresponding to the averaged or effective Weber
number, Weefl.

The temporal oscillations of the length of the bubble interface, S, have been shown in Fig. 5 for some representative
cases with the aim at quantifying the evolution of the bubble deformation. In this figure, the crosses indicate the
breakup instant. As expected, the total interfacial length of the bubble increases with time until the bubble breaks.
Notice that S is not just a measure of the bubble deformation but also a measure of the surface energy that the
bubble accumulates during its interaction with a sequence of strain pulses. This deformation process is similar to
the accumulation of energy due to the bubble interaction with a sequence of eddies in a turbulent flow described by
Risso and Fabre [3]. More importantly, a detailed observation of Figs. 5(a) and 5(b), corresponding to subcritical
Weber numbers, We = 1.0, 1.5, reveals that the subcritical breakup usually occurs at a given level of deformation or,
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Fig. 5. Temporal evolution of the bubble interfacial length, S, at Re = 500, (a) We = 1.0, (b) We = 1.5 and (c) We =3.0. T1 =1, Tp = 2 unless
otherwise indicated. Dashed lines in Fig. 5(b) correspond to situations where 75 = 3.

similarly, surface energy, S/(2m) & 1.75(S = 11). This point is clearly observed in Fig. 6 which displays the relative
frequencies of occurrence of the different values of S at the breakup instant. Notice that, although the mean value
of the distributions are nearly the same, S,,/(27) =~ 1.75, they become narrower as the Weber number decreases.
This result suggests that for low enough Weber numbers, the relevant parameter that determines whether the bubble
breaks or not at a given time is the instantaneous surface energy, independently of the intensity of the outer flow or
the detailed history of the deformation process. In other words, the bubble accumulates surface energy during the
deformation process until eventually breaks when S reaches a certain value.

This observation is consistent with the results provided by the linear analysis of the small amplitude oscillations
of the bubble at We < 1, and described in Appendix A. In fact, Eq. (A.16) shows that, at first order, the outer flow
is only able to transfer energy to the second eigenmode, corresponding to the eigenfunctions (cos 2«, sin2«). These
eigenfunctions are precisely associated with deformations qualitatively equal to the ones observed in most of the
cases (dumbbell-shaped bubbles). The transfer of energy to other modes only occurs due to higher order effects which
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Fig. 6. Relative frequency of the values of the bubble deformation, S/(2), at the breakup instant for three sets of simulations corresponding to
different Weber numbers: (a) We = 1.0, (b) We = 1.5 and (c) We =3.0. Here 71 =1, T, = 2.

are sufficiently slow to be appreciated in most of the simulations. Interestingly, Risso and Fabre [3] reported similar
observations for air bubbles immersed in a turbulent flow; the oscillations described by the bubbles, although chaotic,
projected onto the second eigenmode with much larger amplitudes than on higher order modes.

Fig. 7 shows the influence of the period of the strain pulses train, 7>, on the value of the breakup deformation.
In this case of 771 = 1, changes of 7> are equivalent to changes in the intermittency of the modeled turbulent flow.
When the frequency of the eddies train is similar to the oscillation frequency of the bubble immersed in a steady USF
whose Weber number is equal to the effective Weber number of the pulsating USF, We®!, there is a maximum in the
histogram, at approximately S/(2m) = 1.7-1.9, that corresponds to binary breakups, as can be observed in Fig. 7(b).
Breakup events occurring at higher values of S/(27) correspond to smaller fragments separating from an irregular
shaped mother bubble. Furthermore, when the frequency of the train is higher than the bubble oscillation frequency,
(Fig. 7(a)), the maximum of the distribution moves to lower deformation values, although most of the breakup events
are still binary. However, in this case, elongated bubbles which break in three or more fragments of approximately
the same size are also observed, corresponding to the events of larger values of S/(2) in this histogram. Finally,
when the train frequency is lower than the oscillation one, (Fig. 7(c)), the maximum of the histogram also translates
to lower values of S/(27), but with only a few binary breakup events, and with a mother bubble forming one or two
small daughter bubbles and a larger one in most of the events. It must be said that, in this case, a high percentage
(~ 25%) of the simulations did not show any breakup event, with a maximum simulation time of Tpx = 15.
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Fig. 7. Relative frequency of the values of the bubble deformation, S/(2m), at the breakup instant for three sets of simulations corresponding to
Weber number We = 1.5, T; = 1| and different values of the period of the straining flow: (a) 7, = 1.5, (b) 7 =2 and (c) 7> = 3.

Moreover, we also performed simulations for decreasing values of the eddy-bubble interaction time, 77, which
revealed that there is a minimum value of 77 necessary for the bubble to split. For example, our simulations did
not display any breakup event at We = 1.5 when 77 = 0.5 and 7, — T1 # T1, with a maximum simulation time of
Tmax = 15. However, for We = 1.5, only in the cases with 71 = 0.5 and 7> = 1, a few breakup events, consisting of
one or two small fragments separating from a bulgy shaped bubble, were observed.

Fig. 8 displays the histograms of the breakup times for three representative cases: (a) We=1.5,T1 =1,T, = 1.5,
b)) We=15,T1 =1,T, =2 and (c) We =3.0,7T1 = 1,7, = 2. Fig. 8(a) shows a bimodal distribution, with the
breakup time ranging from #, = 3 to 8.5, which indicates that in most of the cases it is necessary at least three strain
cycles to break a bubble. In this figure the period of the straining flow, 75, is smaller than the oscillation period of a
bubble in the steady USF at the corresponding We®t. The distribution of the breakup time depicted in Fig. 8(b) shows
that, although the breakup time goes from #, = 2.5 to 10, most of the breakup events occur within the second and third
strain pulses, associated to the two maxima of the histogram in 7, =2.5 — 3.0 and 7, = 4.5 — 5.0, which correspond
to the final stage of the second strain pulse. This is a consequence of the resonance phenomenon between the period
of the straining flow and the oscillation of the bubble in the averaged USF given by We®. Furthermore, notice that
the resonance mechanism increases the bubble breakup rate with respect to the case shown in Fig. 8(a). The last case
displayed in Fig. 8(c) corresponds to a supercritical Weber number. As in Fig. 8(a), the distribution is bimodal, but
with the two maxima at #, = 3.0 — 3.5 and #, = 5.0 — 5.5, which correspond to the end of second and third strain
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and (c) We=3.0,T1=1,T, =2.

pulses respectively. Although in this case there is not resonance mechanism the breakup efficiency is similar to that of
Fig. 8(b) simply because the Weber number is supercritical.

Furthermore, Fig. 9 shows the temporal evolution of the exchange of energy between the bubble and the outer,
liquid flow, given by

t
E(t)=E0+/|:—/p(i5-ﬁ)dZ:| dr, 4.2)

0 p))

where Eg = (2mapo)/ (ﬁmaé Mg) = 2/We is the initial surface energy of the undeformed bubble. In the steady, strain-
ing flow at subcritical Weber numbers, the energy transferred from the outer flow to the bubble increases from the
initial, minimum value corresponding to the spherical bubble at rest, until it reaches a maximum. Once the maximum
energy is achieved, it oscillates around an average value with a time decreasing amplitude due to the viscous damping,
until the bubble runs away from the stagnation point at times ¢ ~ O(10). However, in the unsteady cases the bubbles
deform with time, accumulating surface energy until they eventually break when the deformation is sufficiently large.
Moreover, our simulations indicated that the mean time required to break a bubble increases as the Weber number
decreases, and that the averaged level of energy at the breakup time, 5, was E(f,)/Eo ~ 2.5 as shown in Fig. 9.
In addition, Fig. 10, which represents a characteristic example of the temporal evolution of the bubble deformation,
S(t)/(2m), and the energy extracted from the surrounding flow, E (t)/ Ey, illustrates the relation between both magni-
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Fig. 10. Time evolution of the surface energy, S/(2m), together with the energy exchanged with the outer flow, E/E(, at Re = 500 and We = 1.0.
Here 71 =1,T, =2.

tudes. It is worth noticing that the energy extracted from the outer flow is always larger than the energy accumulated
at the bubble interface, indicating that some energy is loss due to viscous dissipation. The difference between both
curves is thus a measure of the energy dissipated due to viscous effects. Obviously, in the case of an inviscid fluid,
both curves would collapse.
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Fig. 11. Characteristic breakup patterns occurring at We = 3.0, Re = 500, T, = 2. The different patterns correspond to cases (1), (2), (3) and (4)
shown in Fig. 5(c).

Regarding the different bubble breakup patterns, it was shown that the breakup events occurring at values of the
surface deformation around S/(27) = 1.75(S &~ 11), always corresponded to binary breakages. However we also
observed that those breakups occurring at higher values of S generated multiple fragments of different sizes, associated
to more diverse breakup patterns which commonly take place at higher values of the Weber number. This observation
can be corroborated in cases (3) and (4) of Fig. 5(c). Moreover, Fig. 11 shows the breakup patterns generated in four
of the simulations performed at a supercritical Weber number, We = 3.0, which correspond to cases (1), (2), (3) and
(4) displayed in Fig. 5(c). Note that cases (3) and (4), whose breakup level of deformation is considerably larger than
S/(2m) ~ 1.75, generated several daughter bubbles of different size. On the contrary, at subcritical Weber numbers
all breakup patterns displayed similar characteristics: initially the bubble adopts a cigar shape before taking the form
of a dumbbell, and finally breaks into two fragments of approximately the same size.

A relevant result that demonstrates the importance of the above mentioned eddy efficiency in the subcritical breakup
process of bubbles is illustrated in Figs. 12 and 13. These figures show that bubbles break more easily in situations
where the strain direction differs substantially from that of the previous cycle. In fact, when two consecutive strain
directions are nearly perpendicular, A6 ~ 90°, the bubble suddenly increases its level of deformation breaking up at
values of §/(2m) ~ 1.75 (Fig. 12). However, the breakup event does not usually take place when two consecutive
strain directions are nearly parallel, A6 ~ 0°, (Fig. 13). This observation suggests the introduction of a new variable
into the random eddy efficiency model proposed by Risso and Fabre, namely the difference of angle between two
consecutive strain directions, A@, or in other words, the difference between the strain direction and the direction
of maximum deformation of the bubble. Thus, we can conclude that the energy that an eddy is able to transfer to
the bubble depends not only on its intensity, but also on the entire history of turbulence and bubble deformation.
To summarize this effect, Fig. 14 shows the temporal evolution of the interface length of a bubble subjected to two
consecutive USF pulses whose strain directions have been varied from A6 = 0° to A8 = 90° in 10° steps. Notice that,
in this case of We = 1.5, no breakup event occurred until A6 > 50°. Obviously the breakup efficiency of the spatial
succession of eddies reported here increases with the Weber number and, for the same values of 77 and 73, the angle
between two consecutive strain directions needed to break the bubble decreases as We increases. However, the pulse
train and the bubble dynamics could interact in a more complex manner. Depending on the values of 77 and 7>, if the
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Fig. 12. Temporal evolution of the bubble interface until it breaks at Re = 500, We = 1.5, T, = 2. The sequence corresponds to case (1) of Fig. 5(b).

arrival of the strain pulse were in phase with the bubble oscillation, the bubble deformation would increase, otherwise
it might decrease, as illustrated in description of the turbulent eddy-bubble dynamics interaction given by Risso and
Fabre [3].

5. Discussion and conclusions

The dynamics of a two-dimensional bubble immersed in an unsteady flow consisting of a succession of randomly
oriented straining flows has been studied. This simple flow may be useful to describe some aspects of the turbulent
breakup of bubbles at subcritical Weber numbers. Thus, the model presented establishes a link between the classical
USF model, and the experimental and theoretical description of the turbulent bubble breakup given by Risso and
Fabre [3]. A first and interesting prediction of the model is that, regardless of its previous history, a bubble immersed
in an unsteady flow at subcritical Weber numbers will most likely break at a given time if its surface energy (interface
length in 2D), S, approximately reaches a certain value, given by S/(2m) & 1.75(S & 11) in our configuration. Such
value is nearly the same as the breakup surface energy of bubbles in a steady USF whose Weber numbers are slightly
larger than the critical one. Therefore, the surface energy emerges as a relevant parameter to control the stability
of the bubble. The proposed explanation for this is that the energy is transferred primarily to the second vibration
mode, n = 2, almost independently of the deformation history of the bubble; a result obtained assuming that the
oscillations of the bubble can be described, at least qualitatively, by the linear dynamics valid for We < 1. In other
words, the bubbles break mostly when the amplitude projected onto the second eigenmode, n = 2, reaches a critical
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Fig. 13. Temporal evolution of the bubble interface until it breaks under the same conditions as those given in Fig. 12 but different sequences of
strain directions. The evolution corresponds to case (3) of Fig. 5(b).

value. However, this explanation should be understood in a statistical way, meaning that the deformation histories in
which the energy is transferred equally to multiple modes are possible, though not very often.

The observed existence of a given value S for which most of the breakups occur can be extended to the more
realistic three-dimensional situation. In fact, axisymmetric simulations yielded a breakup surface energy for subcritical
Weber numbers of S/ (4na(2)) ~ 1.37. This value was obtained calculating the surface energy at the breakup instant of
bubbles immersed in the corresponding steady flow, whose Weber numbers, We = 2.25 at Re = 500, are slightly larger
than the critical one, We.(Re > 1) = 3.385;¢%/ 3a(5)/ 3 /o ~2.23 [5,9]. It is worth mentioning that our critical Weber
number agrees with the experimental value provided by Risso and Fabre [3] as We = 2.0,5[82/ 3(2ag)*/3 /o ~4.5, who
also postulated the idea of a minimum value of deformation, beyond which breakup events were observed for ‘slight’
supercritical Weber numbers (see Fig. 6 in Risso and Fabre [3]).

Our simulations also showed that the increase in surface energy that the bubble experiences is closely related to the
work that the outer fluid exerts on it. In addition, the model provides with a physical interpretation for the so-called
eddy efficiency, understood as a measure of the amount of energy that a turbulent structure is indeed able to transfer
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Fig. 14. Temporal evolution of the bubble interfacial length, S/(2) along two pulses whose strain directions differ an angle A6 which has been
varied from A9 =0° to AG =90°. Here We=1.5and T} =1, T, =2.

to the bubble. Additionally, the computations determined some of the effects to be retained by any statistical model of
the turbulent breakup of bubbles at low Weber numbers,

— Resonance phenomenon between the frequency of oscillation of the bubble immersed within the flow and the
interaction frequency of the eddies (or strain pulse frequency in the model, 75).

— Spatial eddy efficiency (concept already suggested by Risso and Fabre), that in our model has been associated to
the difference between two strain directions corresponding to successive eddies interacting with the bubble.

— Existence of a minimum effective time of eddy-bubble interaction, 77, which depends on the Weber number.
Moreover, our simulations showed that when T is greater than this minimum value, the breakup is mainly deter-
mined by the pulse repetition period, 7>. For example, in terms of our dimensionless formulation this minimum
value of T is approximately 0.5 for We = 1.5.

However, the limitations of the two-dimensional model proposed here are evident. First, the breakup patterns
adopted by the bubble are restricted by the symmetry condition imposed in the formulation. For instance, the lenticular
morphology identified by Hinze [2] could never be obtained. A second and important limitation of the present model
is that it cannot properly describe the last stages of the breakup process when the neck, of radius r,, collapses very
rapidly, following a law given by (f, — t) r,% —2Inr, or r,  (t, — 1)'/3 in the axisymmetric case, at times very
short compared with the breakup time [19], 7.
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Appendix A. Linear oscillations of a two-dimensional bubble in a potential straining flow

In this appendix, the oscillatory dynamics of a two-dimensional bubble placed at the origin of a potential straining
flow is considered in the limit of low strain rates. The velocity field outside the bubble is given by a velocity potential,
¢, that satisfies Laplace’s equation which in polar coordinates can be written

3, (ror¢) +1/ro2¢ =0 (A1)
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being r = (x> + y%)!/? and « the polar angle in a coordinate system such that the angle of the strain pulse & = 0. The

velocity potential, ¢, must satisfy Eq. (2.4) in the limit r — oo. In addition, the following boundary conditions

1
—9 0 — ——= 0,90, f =0, and A2
i f + 09 1+ /)2 o 0o f an (A.2)
Lo o L 142@af/A+ /) - 05f/0+ /)
H—proat)y=—V-n=— , A3
PO = P D) = N = e T AT A+ Gt/ A+ )P (A2
where po(t) stands for the pressure inside the bubble, must be fulfilled at the bubble interface given by
F(r,o,t)y=r—1— f(a,t)=0. (A4)

Notice that outside the bubble, in the liquid phase, the pressure can be related to the velocity potential throughout the
Bernouilli equation

1
at¢+§|V¢|2+p=P<r), (A.5)

where P (¢) is an arbitrary function of time.
In the limit of low strain rates, We < 1, the above system of equations, and the boundary conditions, can be
linearized by neglecting the quadratic or higher order terms in ¢ and f. Thus Eqgs. (A.2), (A.3) and (A.5) simplify to

o f+d¢=0, (A.6)
|

po—p=y-[1-G;f+ ] and (A7)

p+p="P (A.3)

respectively. The pressure, p, can be eliminated by combining Eqs. (A.7) and (A.8) and, without loss of generality,
the arbitrary function of time appearing in the Bernouilli equation can be set to P (1) = po — 1/We, to yield

9+ i(ag f+f)=0. (A.9)
We

Eq. (A.9) together with Egs. (A.1) and (A.6), form a system of equations and boundary conditions that determine the
two unknown functions ¢ and f. This system of equations will be solved seeking a solution in the form

r2 i
¢ (r, 0 1) = M (1) cos 2 + > r7"an(t) cosna + by (1) sinnal, (A.10)
n=2
flo, 1) = Z[g,, (t) cosna + hy, (t) sinna]. (A.11)
n=2

The proposed expansion for ¢ and f is a solution of the problem whenever the set of functions {g,, 4, a,, b, } satisfy
the following set of ordinary differential equations

. M
_g2+? —2a, =0, (A.12)
i +a A 0 (A.13)
g ta2— =0 ‘
for the second eigenmode {g>, a>} and
—(&n+ hn) —n(an, by) =0, (A.14)
.o 1
(dn, bn) = (1% = 1)(gn, ) =0 (A.15)
e

for {g,,a,} with n > 2 and {h,, b, } with n > 2. Notice that Eqs. (A.12) and (A.13) can be combined to yield

6 .
6y + —go = M. A.16
g2+ 3-8 ( )
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The first result is that the motion of the bubble interface, as well as the velocity potential, can be described as
a linear combination of the eigenfunctions {cosna, sinna} with coefficients that oscillate with angular frequencies
w, = /n(n? —1)/We, with T, = 27 /w,. But more importantly, it can also be observed that the time-changing
intensity of the straining flow, M (¢), is only present in Eqgs. (A.12)—-(A.13), associated with the second eigenmode
{g2, a2}. This result means that, in the limit We < 1, the outer flow is only able to exchange energy with the n = 2
mode of vibration. Therefore, transfer of energy from the outer flow to other eigenmodes, as well as energy transfer
between them, is just included in the higher order terms of the governing equations, and can be neglected in a first
approximation.

To conclude this appendix, it must pointed out that in a train of successive strain pulses, as the angle of strain 6 ()
changes with time, the outer flow will also transfer energy to the mode {b,, h,}. Nevertheless, notice that there is still
not transfer of energy to modes with n > 2.
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